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Abstract

One of the primary unsolved issues in the study of domination in graphs is Vizing's 1963 conjecture that
the domination number of the Cartesian product of two graphs equals at least the product of their
domination numbers. Although a number of partial results have been proved, the speculation has not yet
been proven in its whole. This paper explores Domination in graphs findings, and unsolved issues
surrounding the topic.
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I. Introduction

Among other disciplines, graph theory is an effective tool in computer science, mathematics,
sociology, and biology. Domination is one of the basic ideas in graph theory. Because of its
many uses in social network analysis, communication networks, and network design, among
other areas, dominance in graphs has attracted a lot of attention. This article delves into the
complexities of domination in graphs, examining its types, definitions, characteristics, and
practical uses.

About 1960, the mathematical research of domination in graphs got underway. This is a quick
overview of the history of domination in graphs; we specifically go over findings pertaining to
Vizing's conjecture. After giving a few general definitions of graph theory, we go on to discuss
about domination in graphs. Although mathematical study of domination in graphs began
around 1960, there are some references to domination-related problems about 100 years prior. In
1862, de Jaenisch [1] attempted to determine the minimum number of queens required to cover
an n × n chess board. In the late 1950s and early 1960s, the study of domination in graphs was
expanded upon, with Claude Berge [3] leading the way in 1958. In a book he published about
graph theory, Berge presented the the domination number of a graph is now referred to as the
"coefficient of external stability." The words "dominating set" and "domination number" were
first used by Oystein Ore [4] in his 1962 book on graph theory. The Yaglom brothers conducted
a more thorough analysis of the aforementioned issues in 1964 [5]. Solutions to some of these
issues for rooks, knights, kings, and bishops were found as a result of their research. investigated
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in great detail, and numerous more study articles have been released on this subject. Ten years
later, in a survey report published by Cockayne and Hedetniemi [6], the notation � (G) for the
domination number of G was first used. Domination in graphs has been thoroughly investigated
since the publication of this work, and numerous more research studies have been released on the
subject.

Possibly the most significant unsolved issue in the domain of dominance theory in graphs is
Vizing's conjecture. The first time the domination number of the Cartesian product of two graphs
was asked was by Vizing [7] in 1963. Vizing stated his conjecture that for any graphs G and H,
γ (G□H) ≥ γ (G) γ (H) in 1968 [8].

.

Figure 1: The first image depicts a standard 8 × 8 chessboard. The second image has a queen
placed in the upper right corner. If we represent every square on the board by a vertex in a graph,

then we would draw an edge from the queen to every vertex representing one of the shaded squares.

II. Definition

For all basic definitions, we refer to [2]. A dominating set within a graph refers to a subset of
vertices such that every vertex in the graph is either in this set or adjacent to a vertex in this set.
Formally, let G = (V, E) be a graph, a set D ⊆ V is a dominating set if for every vertex v ∈ V
either v ∈ D or there exists a vertex u ∈ D such that (u, v) is an edge in the graph. The minimum
cardinality of a dominating set within a graph is known as the domination number of the graph.
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Figure 2: {6,9.3} is a dominating set

III.Types of Domination

1. Total Domination: A dominating set D in a graph G is a total dominating set if every
vertex in the graph is adjacent to a vertex in D. In other words, every vertex in the graph
is either in D or adjacent to a vertex in D.

2. Connected Domination: A dominating set D in a graph G is connected if the subgraph
induced by D is connected.

3. Independent Domination: A dominating set D in a graph G is independent if no two
vertices in D are adjacent.

Figure 3: (a) Dominating set (b) Connected Dominating set (c) Total Dominating set
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Figure 4: Independent Dominating set

IV.Propreties of Domination

1. Domination Number: The domination number of a graph G, denoted by γ(G), is the
minimum cardinality of a dominating set within G.

2. Dominating Set Construction: Finding an optimal dominating set with the minimum
cardinality is often an NP-hard problem. Therefore, heuristic algorithms and
approximation techniques are commonly employed to find near-optimal solutions.

3. Domination in Special Graphs: Various types of graphs exhibit interesting domination
properties. For example, in trees, the domination number is at most two, while in
complete graphs, the domination number is equal to the floor of n/2, where n is the
number of vertices.

4. Domination Parameters: Several parameters related to domination, such as the
domination polynomial and the domination game, provide further insights into the
domination structure of graphs.

V. Applications of Domination

1. Network Design: Domination concepts are crucial in designing efficient communication
networks, where selecting optimal dominating sets helps in minimizing the overall
communication overhead.

2. Social Network Analysis: Understanding domination in social networks aids in
identifying influential individuals or groups within a network, facilitating targeted
marketing strategies or information dissemination.

3. VLSI Design: In VLSI circuit design, domination techniques are utilized to optimize the
layout of components, reducing power consumption and improving performance.

4. Wireless Sensor Networks: Domination concepts find applications in wireless sensor
networks for optimizing sensor placement, ensuring efficient coverage and connectivity.

VI.Conclusion

A fundamental idea with a wide range of applications in several disciplines is dominance in
graphs. Researchers and practitioners can create effective algorithms, improve network designs,
and obtain insights into the structural characteristics of complex systems by comprehending the
characteristics and nuances of dominance. Research in this topic is expected to drive innovation
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and improvement across a wide range of domains, including social network analysis, network
optimization, and related fields.
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